In this paper we demonstrate the importance of a mathematical constant which is the value of several interesting numerical series involving harmonic numbers, zeta values, and logarithms. We also evaluate in closed form a number of numerical and power series.
Introduction
The purpose of this paper is to demonstrate the importance of the constant Riemann's zeta function is defined by 
A mosaic of series
A classical theorem rooted in the works of Christian Goldbach (1690-1764) says that (see [1] , [9] , and [12, p. 142] ; a short proof is given in the Appendix). The terms ( ) 1 n ζ − of the above series decrease like the powers of 1 2 . The following lemma was proved in [7, p. 51 ]. It will be needed throughout the paper. (For convenience a proof is given in the Appendix.)
The lemma shows that the power series with general term { ( ) 1} Cases when the series can be evaluated in explicit closed form are intertwined with similar cases when this is not possible (unless we accept integral form). Series of the form
have been studied and evaluated in a number of papers -see, for instance, [9] , [12, pp. 213-219, (469) , (474), 517), (518)] and also [13] , [14] . At the same time the series 1 2 2
( 1) 1 (1 ) ln (1 ) ln
Before proving the theorem we want to mention that the evaluations (a), (b), (c), and (i) are not new (for instance, they are listed on p. 142 in [3] ). The series (c) appears in important applications in number theory -see [5] and [8] . The entire paper [4] is dedicated to that series. 
and using the generating functions for the harmonic numbers we continue this way
Now starting from the first sum in the last equation we write
by using the evaluation (see [7, p. 
Thus (f) is also proved. Equation (e) follows from (d) by writing
and then applying (3).
Next we prove (h). From the representation
we find with 1 s n = + 1 1
The exponential integral has the representation 
We take here 1 p = , (
Setting n → ∞ and using the estimate from lemma1 and also the fact that | (
According to (a) we have
The implication (b) → (c) also follows from Abel's lemma. We take 1 p = and
Here ln ( 1) n A n = + and lemma 2 provides the equation
which clearly shows the relation between (b) and (c).
Last we prove (j). The proof is based on Euler's series transformation [2] . Given a power series 
We take ( ) ( 1) 1 1 1
It is easy to see that for
where ( ) n L x are the Laguerre polynomials.
The proof of the theorem is completed. That is, we have the same estimate as in Lemma 1
It is interesting to compare equation (g) from the above theorem with the following result. (
Proposition 1. We have
From here with n → ∞ we find ( 1)
The first sum equals γ − and for the last sum we write It was noted by the referee that another proof follows from the fact that the series in (6) has a telescoping property. This property brings to a convenient representation of its partial sum ( )
( ( 1) Setting here m → ∞ and using equation (4) we come the desired evaluation.
It is also interesting to compare parts (a) and (c) of Theorem 1 to the result in the following proposition.
Proposition 2. For any
Proof.
The change of order of summation is justified by the absolute convergence of the series.
The next proposition parallels some of the results in Theorem 1. Independently (l) follows from Theorem 3 in Section 4 (see the remark at the end of that section). Further details are left to the reader.
Proposition 3. Let

Variations on a problem of Ovidiu Furdui
The identity (d) of Theorem 1 can be written in the form
by starting the summation from 2 n = . Subtracting this from (e) we find (7) [ ] This result was displayed in Problem W10 from [6] . We shall extend (7) 
Proof. The left hand side can be written this way ( , )
Thus (8) is proved.
The convergence in these series is supported by the estimate given in the Appendix
( 1) 1 n n n n n a n a a a a a n
and by the slow growth of the harmonic numbers at infinity, ln n H n  .
[ ] With 1 x = (11) becomes (7). Setting 1 x = − in (11) we find also (12) [ ]
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( 1) ( ) ( 1, )
Proof. For | | x a < we write using the generating function for the harmonic numbers
This result can be put in the form 
Here both series converge for | | 1 x a < + in view of the estimate in the Appendix 
Two interesting generating functions
The series in (10) is a power series, the difference of the two powers series with terms Although the difference of these two series can be evaluated in closed form, evaluating each one separately brings to difficult integrals. We shall demonstrate this in the following theorem. For comparison we also include the series with skew-harmonic numbers n H − .
Theorem 3. With
1 ( 1) (2 1) ( 1, ) (14) . The proof of (15) is left to the reader. 
